Abstract. We study the subgroup generated by the exponentials of formal Lie series. We show three di erent way to represent elements of this subgroup. These elements induce Lie series transformations. Relations among these family of transformations furnish algorithms of composition. Starting from the Lazard elimination theorem and the Witt's formula, we show isomorphisms between some submodules of free Lie algebras. Combining di erent results, we also show that the homogeneous terms of the Hausdor series H (a; b) freely generate the free Lie algebra L(a; b) without a line.
Introduction
Lie series automorphisms or Lie transformations play an important role in classical mechanics. They can be seen, for example, as the time evolution in an hamiltonian system. The product of two such transformations may therefore be seen as the combined e ects of two Hamiltonians.
The use of this formalism becomes e cient when it becomes easy to manipulate formal Lie series, to compute composition of Lie transformations or to express such transformations in several ways. They are universal identities in Lie algebras and we will work in a free Lie algebra. Instead of considering exponentials of Lie series, we will consider the group of Lie series automorphisms. Actually after having de ned the Lie transformation, historically introduced by Deprit ( 3] ), the factored product transform introduced by Dragt and Finn ( 4] ) and the exponential of an inner derivation, we will show that these transformations are the same subgroup of the Lie series automorphisms close to identity. They can be seen as conjugation in the algebra of formal Lie series. All of them are de ned by generating Lie series.
After having reminded some notations in free algebras in section 2., we will introduce formal Lie series on a weighted alphabet and de ne the Lie series transformations and their properties in section 3.. In section 4 ., we will consider Lie series automorphisms they generate and their relations. In the last section, we will show several isomorphisms between free Lie algebras or subalgebras. We will prove, using combinatorial identities like the Witt's formula and a theorem of M. Lazard, that the subalgebra generated by the homogeneous terms of the Hausdor series is isomorphic to the free Lie algebra on an alphabet of two letters without a line.
Notations
In this paper X will denote a weighted alphabet, that is to say an ordered set (possibly endless), in which each letter a has a non-negative integer weight kak.
R is a ring which contains the rational numbers Q. X is the free monoid generated by X. X is totally ordered with the lexicographic order.
M(X) is the free magma generated by X.
A(X) is the associative algebra, that is to say the R-algebra of X .
L(X) is the free Lie algebra on X. It is de ned as the quotient of the Ralgebra of M(X) by the ideal generated by the elements (u; u) and (u; (v; w)) + (v; (w; u))+(w; (u; v)). Its multiplication law ; ] is bilinear, alternate and satis es the Jacobi identity { Gradation by the length (the unique morphism that extends the function a 7 ! 1 on X). For x 2 X (resp. M(X)) jxj denotes the length. L n (X) (resp. A n (X)) is the submodule generated by monomials of length n. { One de nes on X (resp. M(X)) the weight x 7 ! kxk as the unique morphism that extends the weight on X.L n (X) (resp.Ã n (X)) is the submodule generated by monomials of weight n.
{ The multi-degree is the unique morphism from X (resp. M(X)) onto IN (X ) that extends a 7 ! 1l a , for a 2 X. For a given in IN (X ) , L (X) (resp. A (X)) denotes the submodule generated by monomials of degree .
Remark. | When kak = 1 for each a 2 X, then obviously L n (X) =L n (X) (resp. A n (X) =Ã n (X)).
For x 2 L(X), we denote by L x the inner derivation y 7 ! x; y]. The set of inner derivations of X is the adjoint Lie algebra with commutator as Lie bracket and we have from the Jacobi identity (1)
To appear in Discrete Maths 3 For x n 2 L n (X), (see 2]) let Dx n = nx n . For x n 2L n (X), letDx n = nx n We thus de ne two derivations D andD on L(X). They are not inner derivations. We de ne the formal Lie seriesL(X) andÃ(X) as
We will write x 2L(X) as a series We also have ( 1, 6] ) for y 2L(X)
From the Jacobi identity (1), we have ( 12] ) by induction on k 0, for any f; g; h 2L(X)
We therefore deduce that
From the theorem 1 and equation (2), the set G = fexp(L x ); x 2 L + (X)g is a group that we will call the Lie transformations group. n exp(L gn+1 ) g n ; that is to say
Factored Product Transform
we haveD (Mg) = (Dw)(Mg);D(Tw) = (Dw)(Tw): We thus deduce that Mg = Tw.
Equation (3) shows that w n 2 L(g 1 ; : : :; g n ) and furthermore that w n ? g n 2 L(g 1 ; : : :; g n?1 ). These relations may be easily inverted and, combining are Lie transformations. We will show now that these three transformations are three di erent ways to represent the same transformation. We will not explain in this paper how to compute explicitly the relations between these transformations, but that can be made, using the Lyndon basis and does not require to go through the associative algebra (see 6]).
The Lie transform
Proposition 7 may be turned in Proposition8. Given w; g; k 2L(X)
then for each n 2 IN, we have w n ? k n 2L n?1 (X); w n ? g n 2L n?1 (X); g n ? k n 2L n?1 (X); andL (w 1 ; : : :; w n ) =L(k 1 ; : : :; k n ) =L(g 1 ; : : :; g n ):
5 Free Lie algebras isomorphisms Let us rst remind the elimination theorem of M. Lazard ( 1] ).
Theorem 9. Let S X and T = f(s 1 ; : : :; s n ; x); n 0; s 1 ; : : :; s n 2 S; x 2 X ? Sg: { L(X) is the direct sum of L(X ? S) and of the ideal S generated by S. { L(T) and S are isomorphic through (s 1 ; : : :; s n ; x) 7 ! L s1 L sn x. By considering X = fa; bg and S = fag, we get the following isomorphism L(fa; bg) = L(fag) L(fL n a b; n 0g) = K:a L(fL n a b; n 0g): (6) By posing X = fL k a b; k 0g and S = fL k a b; k pg, we deduce that
We therefore conclude that L(fa; bg)=(L p a b) = L(fa; bg)=(L k a b; k p) = K:a L(fL k a b; 0 k p ? 1g): That proves that the algebra generated by fa; b; L p a b = 0g is isomorphic to the weighted free Lie algebra L(fL k a b; 0 k p ? 1g) and the line generated by a.
We will show now that these isomorphisms are isomorphisms between homogeneous submodules.
Dimension of the homogeneous components
Let us rst remind some well-known identities. Given an indexed alphabet X, we consider the dimension l( ) of L (X). Using the following identity between formal series (see 1]), which results from the Poincar e-Birkho -Witt's theorem:
(1 ? T ) l( ) ; (7) we deduce that
Let us take now the gradation by the length and calculate l n = P j j=n l( ), the dimension of L n (X). As ( 1] ), let us substitute in (7) the same unknown U to T x , we get for a nite alphabet of cardinality q:
(1 ? U r ) lr : (8) that is to say, the Witt's formula ( 1] 
From identities (8) and (9), we then obtain:
Isomorphism1. Let Isomorphism2. Let X = fa; bg and H(a; b) = P n 1 H n . The subalgebra L(fH n ; n 0g) is isomorphic to the free Lie algebra L(fL n b a; n 0g). Proof. | Using proposition 8, we know that for d 1 L d (fG n (a; b); n 1g) =L d (fH n (a; b); n 1g): But G n (a; b) = 1 n! L n?1 a b, and from isomorphism 1, we know that the subalgebrã L(fL n a b; n 0g) is free and that L d (fL n a b; n 0g) = L d (fa; bg); d 2: We thus deduce that the subalgebra generated by the homogeneous terms of the Hausdor series is free and therefore isomorphic to the free Lie algebra L(fa; bg) without a line.
Remark. | Since Sirsov and Witt (see 11], theorem 2.5), it is known that L d (fH n (a; b); n 1g) is free. Here we proved that fH n (a; b)g freely generate L(fL n a b; n 0g.
Conclusion
We have shown in this in paper how to express any transformation that belongs to the subgroup of Lie transformations in three di erent ways. In hamiltonian mechanics this subgroup is exactly the group of Lie series automorphisms close to identity. These methods have many applications like the search of the socalled symplectic integrators that are numerical methods to integrate dynamical systems ( 7, 13] ). Using this formalism, one can also compute formal rst integral for perturbed hamiltonian systems ( 3, 6, 12] ). Regards to the computational cost, these methods have the advantage that all the series we manipulate are formal Lie series. It avoids calculations in the associative algebra ( 14] ) and the use of the Poincar e-Birkho -Witt basis ( 10] ).
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